In this study, we consider some power series with rational coefficients and investigate transcendence of the values of these series for Liouville number arguments. It is proved that these values are either a Liouville number or a rational number under certain conditions.
Introduction
A real number α is algebraic if it is a zero of a polynomial with integer coefficients. The real numbers which are not algebraic are known as transcendental. The theory of transcendental numbers has a long history and was originated back to Liouville in his famous paper [] where he explicitly constructed a number and proved that it is transcendental. Let P(x) = a n x n + · · · + a  x + a  be a polynomial with integer coefficients. The height H(P) of the polynomial P is defined by
and if the degree of P is denoted by deg(P), then deg(P) = n, and for a given arbitrary complex number ξ , it can be written as
where n and H are positive integers; see [] . Next, Mahler puts
is defined as the smallest of them; otherwise μ(ξ ) = ∞. Thus, μ(ξ ) is uniquely determined. Furthermore, the two quantities μ(ξ ) and ω(ξ ) are never finite simultaneously, for the finiteness of μ(ξ ) implies that there is an n < ∞ such that ω n = ∞, hence ω = ∞.
Therefore, there are the following four possibilities for ξ : it is said to be 
, where
and Q(x) has only simple rational zeros. Then, Saradha and Tijdeman have obtained the sufficient and necessary conditions for the transcendence of T if the degree of Q(x) is ; see [] . Similarly, Ping and Yuan gave sufficient and necessary conditions for the transcendence of T if the degree of Q(x) is  and Q(x) is reduced; see [] .
We also note that a transcendental function is an analytic function having a single value or many values, and to calculate the values, we need a limiting process. However, an analytic function is transcendental if and only if its Riemann surface is non-compact; see [] .
In the present work, we consider certain power series with rational coefficients and show that these series take values of either the set of Liouville numbers or rational numbers under certain conditions. Thus, we give a new result for obtaining U  -numbers. http://www.advancesindifferenceequations.com/content/2013/1/17
Preliminaries
In this paper, |x| means the absolute value of x and the least common multiple of
Definition . A real number ξ is called Liouville number if and only if for every positive integer n, there exist integers p n , q n (q n > ) with 
then ξ is a Liouville number. for sufficiently large n, where η  = η -ε  and ε  is chosen as  < ε  < η -
Main theorem
. Then it follows from (.) that the sequence {e n } is strictly increasing, thus we have Let E n = [e  , e  , . . . , e n ]. Then on using (.), we obtain
where ε  is chosen as  < ε  < γ  -
. Now, if we consider the following polynomials:
then we have
and from (.) it follows that
Further, on using equations (.), (.) and (.), we get Now, define
Then we obtain
for sufficiently large n.
On the other hand, we can easily deduce from (.) and μ < μ+  that log |f n | log e n < μ +   , (.) and since the sequence {e n } is strictly increasing, then it follows that
, and from (.), (.) and (.), we get
That is, on using (.), (.) and (.),
for sufficiently large n. Then on using (.), we have
for sufficiently large n. Moreover, the following inequality holds:
It follows from (.) that
for sufficiently large n. We get from here and (.) 
and therefore
On the other hand, from (.) we get
for sufficiently large n. From here we obtain
for sufficiently large n. Now, if further we define r n = log e n+ log e n , then we have
Using (.) then it follows that there exists a subsequence {r n k } of {r n } such that
for sufficiently large n k . On using (.), (.) and (.), we deduce that there exists a suitable sequence {r n k } with lim k→∞ r n k = +∞. Then from (.) for r n k we obtain  e r n k (
, and therefore
for sufficiently large n k . On the other hand, using (.) we get
for sufficiently large n k . Let
It follows from (.) and (.) that
where lim k→∞ ω n k = ∞. Moreover,
are rational numbers with z n k integers. It follows from (.) that
Thus, if the sequence {g n k (
is a rational number. Otherwise, using Lemma . we get from (.) that g(ξ ) is a Liouville number. 
Conclusion
In this paper, the series with rational coefficients are treated and it is shown that under certain conditions these series take values belonging to either the set of Liouville numbers or the rational number field for Liouville number arguments.
The similar results can be proved for the power series which are defined in the p-adic field Q p and in the field of formal Laurent series.
